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ABSTRACT
This paper considers the large-scale fading precoding design for mit-
igating the pilot contamination in the downlink of multi-cell mas-
sive MIMO (multiple-input multiple-output) systems. Rician fad-
ing with spatially correlated channels are considered where the line-
of-sight (LOS) components of the channels are randomly phase-
shifted in each coherence block. The large-scale fading precod-
ing weights are designed based on maximizing the product of the
signal-to-interference-plus-noise ratios (SINRs) of the users, which
provides a good balance between max-min fairness and sum rate
maximization. The spectral efficiency (SE) is derived based on the
scaled least squares (LS) estimates of the channels, which only uti-
lize the despreaded pilot signals without any matrix inversion. Sim-
ulation results show that the two-layer large-scale fading precoding
improves the SE of almost all users compared to the conventional
single-layer precoding.
Index Terms— Large-scale fading precoding, spectral effi-
ciency, massive MIMO, Rician fading, proportional fairness.
1. INTRODUCTION
Massive MIMO (multiple-input multiple-output) is one of the key
technologies of 5G cellular systems and commercial deployments
started in 2018 [1]. Massive MIMO provides high spectral efficiency
(SE) to a large number of users using the same time-frequency re-
sources by an efficient spatial multiplexing and large number of an-
tennas [2–7]. In [8], it is shown that the SE of the users is limited by
pilot contamination which is the result of interference from the other
cells’ users whose pilot signals are not orthogonal to the considered
cell’s users. One trivial remedy is to increase the length of the pilot
signals to make them all orthogonal throughout the network. How-
ever, due to limited coherence block length in practical communica-
tion systems, this approach is not efficient [2], [9]. Another solution
to pilot contamination is to exploit the spatial correlation among the
BS antennas [10]. This method alleviates the performance upper
bound that was observed for uncorrelated channels in [8], but, the
precoding technique from [10] has high computational complexity.
1.1. Related Works
In [9], large-scale fading precoding (LSFP) and decoding (LSFD)
approaches were elaborated, which require a limited cooperation be-
tween BSs and eliminate pilot contamination as the number of anten-
nas goes to the infinity. This prior work considered spatially uncorre-
lated Rayleigh fading and the LSFP and LSFDweights are optimized
using the max-min fairness criterion. Then, [2] and [11] derived the
SE with LSFD in the uplink for spatially correlated Rayleigh fading
channels. There are no comparable studies for LSFP.
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1.2. Contributions
To the best of authors’ knowledge, this paper is the first work that
considers the spatially correlated Rician fading with random phase
shifts for the design of LSFP. The main contributions are:
• We derive the SE for finite number of antennas for LSFP and
least squares (LS) channel estimate-based local precoding.
• We propose a successive convex approximation (SCA)-based
max product signal-to-interference-plus-noise ratio (SINR)
optimization algorithm with guaranteed convergence. The
variables are the transmit power and LSFP weights.
• We show that LSFP improves the SE of the users uniformly
compared to the single-layer precoding with cooperative
power control based on the max product SINR.
2. SYSTEM MODEL
We consider a cellular network with L cells. Each cell is composed
of an M -antenna base station (BS) and K single-antenna users.
We assume all BSs are connected to a central network controller in
accordance with the existing literature [2], [9]. The conventional
block-fading model [4] is assumed where the channel between each
BS antenna and user is a complex static scalar in one coherence
block of τc channel uses and take independent realization in each
block. In this paper, we assume time division duplex (TDD) oper-
ation and, hence, channel reciprocity holds. We concentrate on the
downlink part of the transmission where the BSs serve the users in
their cells with the aid of LSFP at the central network controller.
Each coherence block is divided into two phases: uplink training
and downlink data transmission. In the uplink training phase, all
users send their pilot sequences which have length τp and the BSs
estimate the channel information to design local precoding vectors
that are matched to the estimated small-scale fading. The remaining
τc − τp samples are used for downlink data transmission. In accor-
dance with the existing literature on massive MIMO, no downlink
pilots are sent to the users and the users rely on channel statistics [3].
Let grlk ∈ CM denote the channel vector between user k in cell
l and BS r. We consider spatially correlated Rician fading channels,
which is the first novelty of this paper in the context of LSFP. This
means each channel realization can be expressed as
g
r
lk = e
jθrlk g¯
r
lk + g˜
r
lk, (1)
where ejθ
r
lk g¯rlk ∈ CM denotes the line-of-sight (LOS) component
with some phase shift θrlk common to all the antennas. The other
term of the channel, i.e., g˜rlk, is the non-line-of-sight (NLOS) com-
ponent and it is circularly symmetric Gaussian random vector with
spatial covariance matrixRrlk ∈ CM×M , i.e., g˜rlk ∼ NC(0M ,Rrlk).
Note that the vectors {g¯rlk} and covariance matrices {Rrlk} describe
the long-term channel effects and change more slowly compared to
small-scale fading characteristics. We assume that all BSs have the
knowledge of {g¯rlk} and covariance matricesRrlk in accordance with
the multi-cell massive MIMO literature [2], [12]. However com-
pared to most of the existing literature, we consider a more realistic
scenario in which phase of the LOS component varies at the same
pace as the small-scale fading, due movement, and the phase is un-
known. We assume the random phase shifts {θrlk} are distributed
uniformly on [0, 2pi) [13].
2.1. Uplink Pilot Transmission
All the cells use a common set of τp = K mutually orthogonal
pilots where the pilots are distributed among the K users in each
cell in a disjoint manner. Let ϕk ∈ Cτp denote the pilot sequence
which is assigned to the user k in each cell where ||ϕk||2 = τp and
ϕHk ϕk′ = 0, ∀k′ 6= k. Due to the pilot re-use between different
cells, there is interference in the pilot transmission and so-called pi-
lot contamination occurs.
During the uplink training phase, the received pilot signal Zl ∈
C
M×τp at BS l is given by
Zl =
L∑
r=1
K∑
k=1
√
ηglrkϕ
T
k +Nl, (2)
where η is the pilot transmit power of the UEs and the additive noise
matrixNl ∈ CM×τp has i.i.d. NC(0, σ2) random variables. Then,
the sufficient statistics for the channel information of user k in cell l
is obtained as
zlk =
Zlϕ
∗
k√
τp
=
√
τpη
L∑
r=1
g
l
rk + n˜lk, (3)
where n˜lk , Nlϕ
∗
k/
√
τp has the distributionNC(0M , σ2IM ).
If the phase shifts are not known, deriving an MMSE-based
channel estimator is very hard since we do not have a linear Gaussian
signal model. Instead, we can use LS-based channel estimate. Note
that zlk is the scaled version of LS channel estimate for the users
that share the pilot sequence k. The covariance matrix of zero-mean
non-Gaussian zlk is given by
Ψlk , E{zlkzHlk} = τpη
L∑
r=1
(
R
l
rk + g¯
l
rk(g¯
l
rk)
H
)
+ σ2IM . (4)
2.2. Downlink Data Transmission
Let slk denote the zero-mean unit-variance downlink symbol for the
user k in the cell l. In accordance with the previous work [9], we as-
sume all the downlink symbols are accessible to the central network
controller for LSFP. In the first step, the central network controller
computes the symbols to be transmitted from each BS by conduct-
ing large-scale fading precoding using the long-term statistics of the
channel. Let (alrk)
∗ denote the complex weight applied to the data
symbol of user k in cell r for the transmission of the combined signal
vlk from the BS l, i.e.,
vlk =
L∑
r=1
(alrk)
∗srk. (5)
Here, vlk is the precoded signal to be transmitted from BS l for the
users with index k. Hence, LSFP is applied to the data symbols of
users sharing the same pilot sequence and each BS transmits a linear
combination of pilot-sharing users’ signals in an effort to precancel
the pilot-contaminated interference that occur between them.
In the second step, the central network controller sends the pre-
coded symbols {vlk}Kk=1 to the BS l. Note that the power control
is applied through the LSFP coefficients {alrk}. Hence, there is no
need for an additional localized power control at the BSs. In the last
step, the BS l conducts local precoding based on the channel infor-
mation obtained from the uplink pilot transmission. Using z∗lk as the
precoding vector for the users who share the pilot sequence k, the
transmitted signal from the BS l is
xl =
K∑
k=1
z
∗
lkvlk. (6)
3. DOWNLINK SE ANALYSIS
In this section, we will derive a closed-form SE expression when
using the considered local precoding based on the sufficient statis-
tics. The use-and-then-forget capacity bounding technique, which is
common in massive MIMO literature, will be utilized in order to ob-
tain closed-form lower bounds on the downlink ergodic capacity [3].
The received signal at user k in the cell l is
ylk =
L∑
r=1
(grlk)
T
xr + nlk, (7)
where nlk is the additive Gaussian noise at the receiver of user k in
cell l with zero-mean and variance σ2. Let us rewrite (7) as
ylk = DSlkslk + BUlkslk +
L∑
r=1
r 6=l
PC
r
lksrk
+
L∑
r=1
K∑
k′=1
k′ 6=k
NI
rk′
lk srk′ + nlk, (8)
where DSlk, BUlk, PC
r
lk, and NI
rk′
lk represent the strength of the
desired signal, the beamforming gain uncertainty, the pilot contami-
nation, and the non-coherent interference which are defined as
DSlk =
L∑
r=1
(arlk)
∗
E{zHrkgrlk}, (9)
BUlk =
L∑
r=1
(arlk)
∗
(
z
H
rkg
r
lk − E{zHrkgrlk}
)
, (10)
PC
r
lk =
L∑
n=1
(anrk)
∗
z
H
nkg
n
lk, (11)
NI
rk′
lk =
L∑
n=1
(anrk′)
∗
z
H
nk′g
n
lk. (12)
Note that the users do not know the actual value of the effective
channel components zHrkg
r
lk for the desired symbol, but only the ex-
pected value of the effective channel, which is DSlk in (9). The
expected value is close to the effective channel in massive MIMO,
if the precoding is selected based on the channel vector. Hence, the
beamforming gain uncertainty resulting from imperfect channel state
information in (10) is treated as interference. The pilot contamina-
tion from the users that use the same pilots in other cells and the non-
coherent interference from the remaining users are the other sources
of interference. The following lemma presents a lower bound on the
downlink ergodic capacity by treating the signals other than desired
signal as additive white Gaussian noise and using the use-and-then-
forget capacity bounding technique [3, Sec. 4].
Lemma 1: The downlink ergodic capacity of the user k in cell l
for the given LSFP weights, is lower bounded by
Rlk =
(
1− τp
τc
)
log2 (1 + SINRlk) , (13)
where SINRlk is the effective SINR for user k in cell l and given by
SINRlk =
|DSlk|2
E{|BUlk|2}+
L∑
r=1
r 6=l
E{|PCrlk|2}+
L∑
r=1
K∑
k′=1
k′ 6=k
E{|NIrk′lk |2}+ σ2
.
(14)
Proof: The lower bound expression in (13) follows from [4]
by noting that the interference terms are mutually uncorrelated.
Let us define the following vectors and matrices for ease of no-
tation in the following parts of the paper:
alk , [ a
1
lk . . . a
L
lk ]
T ∈ CL, (15)
blk , [ b
1
lk . . . b
L
lk ]
T ∈ CL, brlk , E{zHrkgrlk}, (16)
Clkk′ ∈ CL×L, crnlkk′ , E{zHrk′grlk(gnlk)Hznk′}, (17)
where crnlkk′ =
[
Clkk′
]
rn
is the (r, n)th element of the matrixClkk′ .
Using the above definitions, the terms in the SINR expression in (14)
can be expressed as
|DSlk|2 = |aHlkblk|2, (18)
E{|BUlk|2} = aHlkClkkalk − |aHlkblk|2, (19)
E{|PCrlk|2} = aHrkClkkark, (20)
E{|NIrk′lk |2} = aHrk′Clkk′ark′ . (21)
The following theorem present the lower bound on the downlink er-
godic capacity for the local precoding based on {zlk} in (3).
Theorem 1: For a given set of LSFP coefficients, the SE of user
k in cell l for the local precoding vectors {z∗lk} is given in (13) with
SINRlk as
SINRlk =
|aHlkblk|2
L∑
r=1
aHrkClkkark − |aHlkblk|2 +
L∑
r=1
K∑
k′=1
k′ 6=k
aH
rk′
Clkk′ark′ + σ2
,
(22)
where the elements of blk andClkk′ are given by
brlk =
√
τpη
(
(g¯rlk)
H
g¯
r
lk + tr (R
r
lk)
)
, (23)
crrlkk = τpη (tr (R
r
lk))
2 + 2τpη(g¯
r
lk)
H
g¯
r
lktr (R
r
lk)
+ tr
(
Ψrk
(
R
r
lk + g¯
r
lk(g¯
r
lk)
H
))
, (24)
crnlkk = b
r
lk(b
n
lk)
∗, r 6= n, (25)
crrlkk′ = tr
(
Ψrk′
(
R
r
lk + g¯
r
lk(g¯
r
lk)
H
))
, k′ 6= k, (26)
crnlkk′ = 0, k
′ 6= k, r 6= n. (27)
Proof: The proof follows from the calculating expectations
using the statistics of Rician fading channels with phase shifts in the
LOS components. The details are omitted due to space limitation.
4. LSFP THAT MAXIMIZES THE PRODUCT SINR
Note that the LSFD weights in the uplink can be selected indepen-
dently for each user, as shown in [2]. However, for the LSFP, a joint
design is needed since it affects the interference level of all users. In
this paper, we design the LSFP weights {alrk} based on the propor-
tional fairness criterion [3], [14], [15], which aims to maximize the
product of all SINRs under individual BS transmit power constraints.
The max product SINR is an optimization objective that obtains a
good balance between max-min fairness, which limits the network-
wide performance by focusing on the users with the worst channel
conditions [15], and sum rate maximization, which does not guaran-
tee any user fairness. Maximizing the product of SINRs, which are
given in (22), corresponds to a modified version of sum rate max-
imization where more emphasis is put on the weakest users by ex-
cluding 1 in the logarithm. Please note that, the method we propose
can also be used for sum rate maximization with a slight modifica-
tion in the objective.
The long-term transmit power of BS l is given by
Pl = E
{
x
H
l xl
}
=
K∑
k=1
tr (Ψlk)
L∑
r=1
|alrk|2. (28)
Using this notation, the max product SINR problem can be expressed
as
maximize
{alk}
L∏
l=1
K∏
k=1
SINRlk (29)
subject to Pl ≤ ρd, l = 1, . . . , L, (30)
where ρd is the maximum downlink transmission power of each BS.
Note that the problem in (29)-(30) is not convex. In fact, the
objective function in (29) is a concave function of the SINRs and the
per-BS power constraints in (30) are convex. However, SINRs are
not linear functions of the LSFP vectors. To solve the non-convexity
problem, we will develop a successive convex approximation (SCA)
method to solve the problem in an iterative manner where a convex
problem is solved at each iteration. Since, the objective function is
upper bounded and will be improved at each iteration, this iterative
scheme is guaranteed to converge.
Remark: The problems in [3], [15] for maximizing the prod-
uct of SINRs can be solved optimally by casting them in a geo-
metric programming form since they consider single-layer precod-
ing and decoding. However, the problem given in (29)-(30) has
a different structure and does not admit a geometric programming
formulation. Furthermore, the per-BS power constraints imply that
uplink/downlink duality cannot be utilized to simplify the problem
structure.
Let us reformulate the problem (29-30) as follows:
maximize
{alk, tlk, ulk}
L∏
l=1
K∏
k=1
tlk (31)
subject to
L∑
r=1
K∑
k′=1
a
H
rk′Clkk′ark′ − aHlkblkbHlkalk + σ2 ≤ ulk, (32)
(
ℜ{aHlkblk}
)2
≥ tlkulk, l = 1, . . . , L, k = 1, . . . , K, (33)
Pl ≤ ρd, l = 1, . . . , L, (34)
where we utilize that alk can have any phase in (33) and therefore
we can rotate it to get a real-valued number. Note that all the con-
straints are convex except (33) and the objective function is concave
(note that Clkk − blkbHlk is positive semidefinite.) Using the upper
bound
(
0.5u
(j−1)
lk /t
(j−1)
lk
)
t2lk +
(
0.5t
(j−1)
lk /u
(j−1)
lk
)
u2lk ≥ tlkulk
as in [16], [17], we can approximate the problem in (31)-(34) as a
convex problem where a feasible solution to the original problem is
obtained at each iteration if the convex approximation is feasible.
Here, (.)(j−1) denotes the value of an optimization variable in iter-
ation j − 1. To guarantee the feasibility at the initialization of the
algorithm, we include some positive variables at the right side of (32)
and these are enforced to become zero at the later iterations by in-
cluding a corresponding penalty with a large weight in the objective
function. This idea is used in feasible point pursuit-successive con-
vex approximation (FPP-SCA) method in [18]. At the jth iteration,
the following problem is solved:
maximize
{alk, tlk, ulk, flk}
L∏
l=1
K∏
k=1
tlk − λ
L∑
l=1
K∑
k=1
flk (35)
subject to
L∑
r=1
K∑
k′=1
a
H
rk′Clkk′ark′ − aHlkblkbHlkalk + σ2
≤ ulk + flk, (36)
(
ℜ{aHlkblk}
)2
≥ u
(j−1)
lk
2t
(j−1)
lk
t2lk +
t
(j−1)
lk
2u
(j−1)
lk
u2lk, (37)
flk ≥ 0, l = 1, . . . , L, k = 1, . . . ,K, (38)
Pl ≤ ρd, l = 1, . . . , L, (39)
where {flk ≥ 0} are the auxiliary variables to make all the subprob-
lems feasible. When the problem at the jth iteration is feasible and
a large positive weight λ is used, these slack variables tend to go to
zero, and we obtain the original subproblem [18]. Note that (35-39)
is convex since (37) is a second-order cone constraint.
5. NUMERICAL RESULTS
We compare the SE of the optimized LSFP scheme (two-layer de-
coding) with standard single-layer (local) precoding. We consider
two power-control schemes for single-layer precoding. The first one
is non-cooperative and the downlink signal power of user k in cell
l at its serving BS l is proportional to
√
tr(Ψlk) and total transmit-
ted power from each BS is ρd following the power-control approach
in [19]. In the figures, this scheme is denoted by LPC (local power
control). The second power control is more advanced and we opti-
mize the powers for proportional fairness as described in this paper
but under the additional constraint that only the lth entry of alk is
non-zero, which means that each BS only transmit data to their own
users. This scheme is denoted by CPC (cooperative power control)
in the figures. Hence, we optimize both the two-layer precoding
and single-layer precoding with CPC using max product SINR cri-
teria for a fair comparison. We consider the Rician fading multi-cell
setup in [12], except that in our scenario, the phases of the LOS com-
ponents are shifted randomly in every coherence block. There are
L = 4 cells in the network where each cell occupies a 150m×150m
square area with the BS at the center. The number of antennas at
each BS isM = 200. The uplink pilot power is η = 0.05W and the
maximum downlink transmit power is ρd = 2W. The noise variance
is σ2 = −96 dBm. We present the results of 100 different setups
where the users are dropped in the cells uniformly with at least 20
m distance to the BSs in accordance with the urban microcell model
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in [20]. 200 channel realizations are considered for each setup for
the Monte-Carlo verification of the derived SEs.
In Fig. 1, we plot the average sum SE per cell versus the number
of users per cell which is K. All the analytical results are verified
by Monte Carlo estimations which are shown by red dots. We notice
that for all K, two-layer precoding improves the sum rate substan-
tially. The gain compared to the single-layer precoding with CPC
changes between 15% and 32%, which is higher than the relative
performance improvements for the uplink counterpart in [2] with
maximum ratio processing. In comparison to the LPC scheme, two-
layer precoding provides between 26% and 48% gain in sum SE.
In order to see the impact of the product SINR maximization
on the individual user SEs, we consider the cumulative distribu-
tion function (CDF) of the SE per user for K = 6 in Fig. 2. It is
seen that the LSFP provides higher SE consistently for almost all
the users. The median SE is increased by around 50% and 31% by
two-layer precoding compared to the local and cooperative power
control-based single layer precoding, respectively.
6. CONCLUSION
In this paper, we consider LSFP design to mitigate the adverse ef-
fects of pilot contamination in a realistic Rician fading environment
where the LOS components of the channels are corrupted by random
phase shifts which are not known at the BSs. We derive the closed-
form SEs for a simple local precoding scheme. We propose an SCA-
based algorithm for the optimization of LSFP weights at the central
network controller to maximize the product of the SINRs. Simula-
tion results verify the effectiveness of the max product SINR algo-
rithm for both single and two-layer precoding. Furthermore, both the
individual SE and sum SEs are improved by the two-layer precoding
employing LSFP in comparison to standard single-layer precoding.
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